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Ultraslow phonon-assisted collapse of tubular image states
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Abstract

We predict ultraslow collapse of ‘‘tubular image states’’ (TIS) on material surfaces. TIS are bound Rydberg-like elec-

tronic states formed at large distances (�30 nm) from the surfaces of suspended circularly-symmetric nanowires, such as

metallic C nanotubes. The states are formed in potential wells, resulting from a combination of the TIS-electron attrac-

tion to image charges in the nanotube and its centrifugal repulsion, caused by spinning around the tube. We demon-

strate that TIS can collapse on the tube surface by passing their angular momentum l to circularly polarized flexural

phonons excited in the tube. Our analysis shows that for highly detached TIS with l P 6 the relaxation lifetimes are

of the order of 10 ns–1 ls, while for l < 6 these lifetimes are reduced by several orders of magnitude.

� 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Electronic image states formed above flat metal-

lic surfaces [1] could be very attractive for various

potential applications, if their lifetimes were not

too short (typically of the order of a few ps), due

to their overlap with the surface states [2]. There-

fore, we have suggested to study electronic image
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states in the vicinity (but far above) of suspended
linear conductors, such as metallic carbon nano-

tubes. The formed ‘‘tubular image states’’ (TIS)

[3–5] are expected to be much more stable, by

being highly detached from their surfaces [3], as

a result of the interplay between the attraction of

the TIS-electron to its image charge in the nano-

tube and the centrifugal repulsion, due to its circu-

lar motion about the cylinder.
These unique states can be characterized by the

continuous linear momentum k, describing motion

along the tube axis, and the discrete (n, l) radial

and angular momentum numbers. Typically, TIS
ed.
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Fig. 1. The flexural deformation of a nanotube excited by the

spinning TIS-electron.
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with the angular momentum lP 6 are separated

10–50 nm away from the surface, and their ener-

gies are a few meV below the vacuum level. In re-

cent experiments [6], TIS with low l < 3 were

observed to form in the vicinity of suspended
nanotubes. Their lifetimes are about one order of

magnitude longer than image states above flat

metallic surfaces, in agreement with our expecta-

tions.

In this work, we analyze in details the process of

the TIS-electron collapse on the surface of the

nanotube. This process is controlled by the relaxa-

tion of the TIS angular momentum l, and described
by the lifetime sl. In highly detached TIS, the

relaxation can be very slow, since their angular

momentum is only weakly coupled to elementary

excitations in the nanotube. Such a behavior is

analogous to the relaxation of spins in materials,

controlled by the weak spin–orbital coupling

[7,8]. In general, TIS-electron can be relaxed radi-

atively or via collisions with nanotube�s electrons
or phonons. From these, only the last seem to be

crucial in the TIS-collapse: the radiative transitions

are too weak in the meV regime, and the scattering

on the tube electrons mainly causes changes in the

TIS linear momentum k [9–11]. In contrast, the

coupling of the TIS-electron to the nanotube�s pho-
nons can, in addition to relaxing the linear momen-

tum k [12], relax the TIS-electron spinning, that is,
its angular momenta l, and its radial motion, that

is, its principal quantum number n.
2. Coupling of the TIS-electron to nanotube

phonons

Nanotubes can perform rich type of motions,
such as ‘‘piston-like’’ oscillations [13], ‘‘centri-

fuge-like’’ ultrafast rotations [14] or various inter-

nal vibrations [15]. Out of these, those that can

carry angular momentum should be of potential

interest for damping of the TIS. The most relevant

seems to be ‘‘string-like’’ vibrations associated

with circularly polarized flexural phonon modes

[16–18], schematically shown in Fig. 1.
We first derive the Hamiltonian for the coupling

of the TIS-electron to these phonon modes. We

consider an electron placed at a distance q from
the center of an ideally conducting, infinitely long,

cylinder of radius a [3,19]. The electron is electro-

statically attracted to the image charge induced on

the surface of the cylinder by a potential of the
approximate form,

V ðqÞ � 2e2

pa

X
n¼1;3;5;...

li½ða=qÞn�;

where liðxÞ �
Z x

0

dt
lnðtÞ : ð1Þ

This potential interpolates well between the far-

from-the-surface � e2

q lnðq=aÞ and near-to-the-surface
1

jq�aj forms. Adding the repulsive centrifugal poten-

tial, we get an effective potential,

V effðqÞ ¼ V ðqÞ þ
�h2 l2 � 1

4

� �
2meq2

; ð2Þ

where me is the electron mass. The wave functions,

associated with the TIS-electron motion in this po-

tential, are separable in the cylindrical coordinates,

Wn;l;kðq;u; zÞ ¼ wn;lðqÞeilu/kðzÞ=
ffiffiffiffiffiffiffiffi
2pq

p
; ð3Þ

where /kðzÞ ¼ eikz=
ffiffiffiffiffi
L

p
and L is a normalization

length in the longitudinal z direction. The corre-

sponding eigenenergies are En,l,k = En,l + Ek, where

En,l is related with the radial electronic motion,

and Ek ¼ �h2k2

2me
is the kinetic energy for the longitudi-

nal motion along the wire. The radial wave func-
tions wn,l(q) satisfy the Schrödinger equation,
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� �h2

2me

d2

dq2
þ V effðqÞ � En;l

� �
wn;lðqÞ ¼ 0: ð4Þ

The wave functions with high l > 5 turn out to

be highly detached from the surface, due to the

presence of the centrifugal barrier, so the TIS-elec-

tron hardly sees the detailed atomic structure of the
surface. It thus only feels the tube like a polarizable

elastic string that vibrates in a direction perpendic-

ular to the axis, as depicted in Fig. 1. For a (10,10)

carbon nanotube this type of motion is character-

ized either by a linear [15,20] or by a quadratic dis-

persion relation xq = vpaq
2, where vp � 15 km/s is a

phonon velocity and a = 0.68 nm is the tube radius

[17,18]. In the present problem, the exact character
of the dispersion is less relevant, as it leads to very

similar relaxation times.

The force exerted by the radially directed vibra-

tions of the nanotube on the TIS-electron is de-

rived from the change in the tube�s equilibrium

position, which in turn changes the effective poten-

tial Veff(q,z). For simplicity, we use the screening

potential in the approximate Coulombic form,
1/jq � aj. Hence, when the nanotube, oriented

along the z axis, is displaced by the vector
~dðzÞ ¼ ðdxðzÞ; dyðzÞÞ from its equilibrium position
~q0 ¼ ðx0; y0Þ, the potential energy can be written

as,

V ðq; zÞ

¼ �e2

4 j ½ðxe � x0 þ dxðzÞÞ2 þðye � y0 þ dyðzÞÞ2�1=2 � a j
;

ð5Þ

where (xe,ye,ze) is the external electron position,

with q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2e þ y2e

p
. In order to evaluate the effec-

tive electron–phonon coupling Hamiltonian, we

expand the potential function of Eq. (5) in a Tay-

lor series about the equilibrium position

V ðq; zÞ ¼ V ðqÞj~d¼0 þ~dðzÞ � rV ðqÞ
���
~d¼0

þ 1

2
~dðzÞ � r
� �

~dðzÞ � r
� �

V ðqÞ
����
~d¼0

þ � � � ;

ð6Þ

and keep only the first order contribution. Then

the total Hamiltonian of the system can be written
as,
H ¼ ��h2

2me

r2 þ V ðqÞj~d¼0 þ Hph þ~dðzÞ � rV ðqÞ
���
~d¼0

;

ð7Þ
where the first two terms describe the TIS-electron

energy for a rigid tube, Hph is the free-phonon

Hamiltonian and the last term describes the effec-

tive electron–phonon coupling He–ph [21].

The tube�s displacement ~dðzÞ ¼ x̂dxðzÞ þ ŷdyðzÞ
can be expanded in the normal-mode coordinates

uk,l (l = x,y),

~dðzÞ ¼
X
q

x̂uq;x þ ŷuq;y
� �

eiqz; ð8Þ

where q are the phonon wave vectors. Defining the

circular polarization complex directions �̂� �
x̂� iŷ, the tube�s displacement can be written as
~dðzÞ ¼ �̂þdþðzÞ þ �̂�d�ðzÞ; where d±(z) = (dx(z) �
idy(z))/2. Using these variables, we can convert

Eq. (8) to an expansion in circularly polarized pho-

non modes that can carry angular momentum,

~dðzÞ ¼
X
q

ðuq;þ�̂þ þ uq;��̂�Þeiqz;

uq;� ¼ ðuq;x � iuq;yÞ=2: ð9Þ
The x, y partial derivatives of the potential

energy are (omitting the �e2/4 factor)

oV
ox

����
~d¼0

¼ cosu

ðq� aÞ2
;

oV
oy

����
~d¼0

¼ sinu

ðq� aÞ2
; ð10Þ

or in terms of the circular polarization variables,

o�V � oV
o��

����
~d¼0

¼ e�iu

ðq� aÞ2
;

u ¼ tan�1 ye � y0
xe � x0

� �
: ð11Þ

Next, we evaluate the first order coupling ele-

ments between the Wm(q,u,z) (m = (n, l,k)) and

Wm0 ðq;u; zÞ electronic states of Eq. (3), given in

terms of the overlap integrals,

I� ¼
Z

W	
mðd�o�V ÞWm0qdqdudz

¼ 1

2pL

X
q

uq;�

Z
eiðl

0�lÞue�iu du
Z

eiðk
0�kÞzeiqz dz



Z

w	
n;lðqÞ

�e2

4ðq� aÞ2
wn0;l0 ðqÞdq

¼
X
q

uq;�A
ðm;m0Þ
q;� : ð12Þ
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The z and u integrations yield d(k 0 � k + q) and

d(l 0 � l ± 1), respectively, which gives the longitu-

dinal and angular momentum conservation.

The Aðm;m0Þ
q;� terms denote the coupling elements for

the (n, l,k)! (n 0, l 0,k 0) transitions, induced by the
right and left circularly polarized phonons, respec-

tively, with longitudinal momentum q.

We can now quantize the normal-mode coordi-

nates and write them in terms of the ayq and aq pho-

non creation and annihilation operators,

uq;� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�h
4MNxq

s
ayq;� þ aq;�

� �
;

aq;� ¼ ðaq;x � iaq;yÞ=
ffiffiffi
2

p
; ð13Þ

where M is the mass of a carbon atom and N de-

notes the number of unit cells along the tube.

Defining the new coupling elements as ~A
ðm;m0Þ
q;� ¼ffiffiffiffiffiffiffiffiffiffiffi

�h
4MNxq

q
Aðm;m0Þ
q;� , we can write the free-phonon Ham-

iltonian and the electron–phonon interaction

Hamiltonian as,

Hph ¼
X
q;�

�hxqa
y
q;�aq;�;

H e–ph ¼
X

q;�;m;m0

eAðm;m0Þ
q;� ayq;� þ aq;�

� �
cymcm0 : ð14Þ

Here, cym and cm are the creation and annihilation

operators, respectively, of TIS-electrons in the

wm(q) states. In addition to the linear momentum
k 0 = k � q, and angular momentum l 0 = l ± 1, con-

servation rules, the Hamiltonian (14) yields the en-

ergy conservation condition,
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Fig. 2. (Left) Electron–phonon coupling elements for the (10, l) !
dashed-dotted: l = 7. The inset shows the corresponding energy differ

Eph for the same processes shown on the left.
�h2k2

2me

þ En;l ¼
�h2k02

2me

þ En0 ;l0 � �hxq: ð15Þ

Using the quadratic phonon dispersion relation

xq = vpaq
2, denoting DE ¼ En;l � En0 ;l0 , and substi-

tuting k 0 = k � q, we obtain a quadratic equation
for q

�h2

2me

� �hvpa
� �

q2 � �h2

me

kq� DE ¼ 0: ð16Þ

From Eq. (16), we obtain all the solutions for

the phonon momentum q, which correspond to
the emission and absorption processes, where the

electron and phonon can propagate in different

directions. Note that for an electron initially at

rest, k = 0, we have that q /
ffiffiffiffiffiffiffi
DE

p
.

3. Numerical results and discussion

We evaluate the Aðm;m0Þ
q;� coupling matrix elements

for different transitions associated with the (10,10)

carbon nanotube of the radius a = 0.7 nm. In

Fig. 2 (left), we show these matrix elements for

the m = (n = 10, l) ! m 0 = (n 0, l � 1) transitions, with

l = 7–9. As expected, the elements are larger for

small l, for which the electron is localized closer

to the tube surface and can more easily excite the
phonons. In addition, as n 0 decreases, the small l

coupling elements increase faster, relative to the

large l terms. This behavior is due to the fast

collapse on the surface of the small l, small n, elec-

tronic wave functions. Note also that the strongest
2 4 6 8 10
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(n 0, l � 1) relaxations processes. Full line: l = 9; dashed: l = 8;

ences DE for these transitions. (Right) Excited phonon energies
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coupling occurs for transitions to the n 0 = 1,2

states, which experience the strongest screening

potential.

In the right panel of Fig. 2, we display the ener-

gies of phonons, Eph � �hxq, excited by the pro-
cesses shown in the left panel of this figure. These

energies are computed for a phonon velocity of

vp = 15 km/s and an electron that is initially at rest,

that is, k = 0. We see that the phonon energies are

proportional to DE and tend to rapidly fall with n 0.

We find that most of the electronic radial energy is

funneled to the electronic longitudinal kinetic

energy, and only �10% is given to the phonons.
We now use the above coupling elements to

evaluate the relaxation rates m = (n, l,k) ! m 0 =
(n 0, l 0,k 0), at T = 0 K, by using the Fermi�s golden
rule [22],

W m!m0 ¼
2p
�h

eAðm;m0Þ
q;�

��� ���2dðEk þ DE � Ek0 � �hxqÞ

¼ 2p
�h

�h
4MNxq

� �
j f j2dl�l0 ;�1dk�k0 ;q


 dðEk þ DE � Ek0 � �hxqÞ: ð17Þ

In the last expression, f accounts for the radial

part of the overlap integral in Eq. (12). Summing

over all the final electronic continuum k 0 states,

leads to

W ðn;l;kÞ!ðn0 ;l0Þ ¼
X
k0

W m!m0

¼ L

�h
j f j2dl�l0 ;�1



X
k0

�h
4MNxk�k0

� �
1

j dEk0=dk
0 j ;

ð18Þ
where the sum involves only the k 0 values that

fulfill the energy and momentum conservation
requirements. The free-electron dispersion is dEk=
dk ¼ �h2k=me, and L=N = 2.49 Å for the (10,10)

nanotube, where L is the tube length and N the

number of elementary cells.

The computed relaxation rates W m!m0 can be

used to evaluate the angular momentum lifetime

sl, which determines the collapse of the TIS-elec-

tron on the surface of the tube. We define sl via
the relation,
hLðtÞi ¼ L0e
�t=sl ; ð19Þ

where LðtÞ ¼
P

l�hlc
y
mðtÞcmðtÞ, (m = (n, l,k)) is the

angular momentum operator in the Heisenberg

representation. Then, we can calculate sl from

the second order expansion of the Heisenberg
equation of motion for the expectation value of
_LðtÞ,

h _LðtÞi ¼ � 1

�h2

Z t

0

dsh½HðtÞ; ½HðsÞ; LðsÞ��i

¼ �
X
m0

�hðl� l0ÞW m!m0 ; ð20Þ

where H(t) is the system Hamiltonian. Combining

Eqs. (19) and (20), yields sl of the (n; l ¼ L0=�h; k)
state

s�1
l ¼

X
m0
ð1� l0=lÞW m!m0 ; s�1

m ¼
X
m0

W m!m0 : ð21Þ

Here, we also show the dephasing lifetime sm
describing relaxation of the m state. These two

relaxation times can be measured in different

experimental setups. It is clear from Eq. (21) that

sl ! 1, when the l ! l ± 1 up and down transition

rates are comparable. This situation can occur

when the electron longitudinal momentum is high

enough such that �h2k2=2me � DE. If the l ! l + 1

process is absent, we obtain that sl = lsm. This sl
can still be very long, in analogy to forward scat-

tering processes [12], since states with large initial

l can only be relaxed in many scattering events.

In Fig. 3, we display the calculated sl for differ-
ent initial states m = (n, l,k). As expected, states

with large angular momenta, highly detached from

the surface (see left inset), have very long sl � 10–

500 ns (left panel). On the other hand, states with
l � 1–4 that are separated only �1 nm from the

surface have much shorter lifetimes. The effect of

the proximity to the surface, causes the low l cou-

plings to be 2–3 orders of magnitude stronger than

the high l couplings, leading to a 4–6 orders of

magnitude increase in the low l angular momen-

tum relaxation rates. This picture is consistent

with the right panel of Fig. 3, where we show that
the lifetimes go up as we increase n, thereby further

removing the TIS-electron from the surface. The sl
lifetimes also get longer for high l values when

the initial k is increased, allowing for excitation
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processes with l! l + 1 for DE < 0. The accuracy
of the above calculations for low l is not as high

as for high l, because our wave functions do not

represent the states accurately enough close to

the surface. In this region, coupling to other pho-

non modes becomes relevant [17], and additional

effects play a role [23]. The accuracy is also limited

by the simplified Coulomb form used for the

screening potential.
At finite temperatures we need to consider the

emission/absorption processes induced by thermal

phonons. The associated atomic vibration ampli-

tudes in Eq. (13) are given by kq ¼ ½�hðnqþ
1
2
�1

2
Þ

4MNxq
�1=2,

where nq ¼ ðe�hxq=kBT � 1Þ�1
, kB is the Boltzmann

constant and the plus (minus) sign is for emission

(absorption) processes. At room temperatures

and for the l � 7–9 detached states, we find from

Fig. 2 that kBT =�hxq � 5–50. Hence, the transition

rates increase relative to the T = 0 case by the same
factor. In an analogous fashion, we can evaluate

the two-phonon emission rates, but their values

are expected to be much smaller. The ultraslow

TIS lifetimes can be tuned by changing the con-

ductivity [4] and tension in the nanotubes (stretch-

ing), which might lead to interesting novel

applications.
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